We analyze how to obtain non-resonant and resonant Raman spectra within the 
in the resonant regime for the excitations of single vibrational quanta. However, multiple vibrational excitations are absent in Placzek, but can be of similar intensities as single excitations under resonance conditions. The Albrecht approximation takes multiple vibrational excitations into account and the resulting simulated spectra exhibit good agreement with experimental Raman spectra in the resonance region as well.
Introduction
Raman spectroscopy is a facile and nondestructive tool for the investigation of materials properties and is applied in various fields of materials research. The Raman effect couples light scattering to vibrational modes and thus involves both electronic and nuclear degrees of freedom as well as the coupling thereof. The complex properties of Raman spectra has entered excellent textbook 1, 2 .
Despite the general availability in experiment, the theoretical basis of the Raman effect is rather involved as it is a second order process in the electronic degrees of freedom that are coupled to nuclear vibrational degrees of freedom. Nevertheless, the calculation of Raman spectra by ab initio techniques has a long history. In the past, most approaches are based on the powerful Placzek approximation. In this approximation the Raman intensity is proportional to the derivatives of the polarizability tensor with respect to nuclear coordinates 1, 3 . In chemistry related literature, the Placzek approximation is usually applied only for excitation energies far from resonance and the vast majority of approaches deduce the Raman intensities from static polarizability derivatives. 3, 4 Some derivations go beyond this, but restrict the calculation also to a single frequency far from resonance 5 . The Placzek approximation is frequently used in the resonance region in solid state Raman spectroscopy [6] [7] [8] . This has been criticized by some authors. There are many approaches to address also resonant Raman spectra that mostly start from the assumption that only Franck-Condon-type scattering is important [10] [11] [12] [13] [14] [15] . Apart from pioneering early calculations 16 , only recently the application of an alternative formulation within the Albrecht approximation [17] [18] [19] [20] has become tractable within standard electronic structure theory [21] [22] [23] [24] [25] . In these approaches often only the resonant part is taken into account 22, [26] [27] [28] or the calculation is restricted to the static limit 21 .
In the present work we study the calculation of Raman spectra of small molecules in order to benchmark the different approaches used in the literature and to elucidate their connection. In particular, a formalism is presented that yields the Placzek as well as the Albrecht approximations from the Heisenberg-Kramers-Dirac matrix element. In this way the connection between the two approximations can be worked out explicitly.
This article is organized as follows. The underlying theoretical approach is detailed in the following section. Section 3 describes the computational approach and the following sections reports the differences and similarities of the different levels of theory for small molecules.
Theory
Raman scattering is nonelastic light scattering, where a system of initial energy E I absorbs a photon of energyhω L with polarization u L and ends up in a state of energy E F having emitted a photon with energyhω S and polarization u S . The cross section for this process can be expressed as
where the δ-function ensures energy conservation. The second order matrix element for light scattering V F I has been derived by Kramers, Heisenberg and Dirac and can be written 
where D denotes the dipole operator, a vector with the unit of length times charge. Initial and final states are denoted by |I and |F , respectively, and including nuclear as well as that the light is exclusively absorbed by the electronic system, which should be a good approximation for usual laser frequencies in the optical range. The dipole transition matrix elements expressed in these states can be writte as
where the dependence of the electronic states on the nuclear coordinates ξ is made explicit.
Using the electronic energies of ground and excited states E 0 and E e , and the corresponding vibrational energies ε e k and ε 0 i , we may express the matrix element as
Note, that the matrix element V F I itself does not select initial and final vibrational states i 0 and f 0 , respectively. State selection is enforced by energy conservation in eq. (1). The energy difference between the laser and the emitted photon resticts the vibrational states
. This difference is positive for Stokes and negative for Anti-Stokes scattering. Starting from (4) the widely used Placzek approximation is obtained by employing the semi-classical approximation to replace the terms E e − E 0 + ε e k − ε 0 i by the vertical transition energy of this specific electronic state, i.e.
see fig. 6 . The equivalent application of a classical Wigner phase space approximation 33 leads to the same result. We will discuss the validity of this assumption further below.
Applying the approximation (6) the k-dependence of the denominator in eq. (4) vanishes, and the closure relation within the vibrational subspace can be used
leading to
In case of real valued wave functions (as can always be assumed the case of finite systems in absence of magnetic fields) and using ω L ≈ ω S in the denominator, this matrix element further reduces to
where the polarizability tensor
of the system in its electronic ground state emerges.
Eq. (9) has important consequences as it represents the overlap between initial and final vibronic states in the electronic ground state that are orthonormal. In order to get a non-vanishing vibrational contribution (apart from the Rayleigh scattering, where f 0 = i 0 ), an operator depending on vibrational coordinates is required. This dependence can be extracted by expanding α(ω) in terms of normal vibrational coordinates 3 Q v around the nuclear equilibrium position ξ 0 , where usually only the first order is taken into account
The first term in the expansion (11) corresponds to Rayleigh scattering and the second term contributes to the Raman effect giving
The orthogonality of the vibrational states in the electronic ground state shows that coupling to vibrational excitations is due to the first derivatives in eq. (11) (8) as function of two independent sets of nuclear coordinates ξ, ξ in m e and E vert,e , respectively. The authors give some reasoning to consider the derivatives after ξ in m e , only, which obviously is only part of the contribution. We will call this contribution "Profeta" and the rest of (8) "Pl/Pr" as shorthand for Placzek without Profeta in the following. We will see further below that neglecting the "Pl/Pr" contribution can be a severe and misleading approximation as it disregards the resonant part of the Raman contributions.
In order to go beyond the Placzek approximation, one may start form eq. (4) where we note that in contrast to E vert,e = E vert,e (ξ), all energies are independent of nuclear coordinates. We may expand already the matrix elements in terms of normal coordinates
The first term of this expansion leads to the Albrecht A term
where we use the shorthand notation m e = m e (ξ 0 ). It is also called the Franck-Condon term 22 and is believed to be dominating for ω L in resonance with optically strong transitions 14 . Note, that a non-negligible contribution from Albrecht A to the off resonant Raman spectrum of water was reported recently. 21 Close to resonance often only the first part inside of the brackets is kept since this is the dominating contribution due to the small denominator.
The other part is non-resonant and hence much smaller, such that
represents a good approximation in the neighborhood of resonances 27, [42] [43] [44] . Eq. (15) also shows that in case of a single, isolated resonance, as it is often present in organic chromophors, the Raman cross section is mainly determined by the weighted Franck-Condon overlaps i 0 |k e k e |f 0 corresponding to this single transition.
14 Using the first derivatives in (13), Albrecht 18 splits this expression into a resonant part
and a non-resonant part (C term)
where the shorthand m There is also the possibility to consider both derivatives in the matrix elements. This so called Herzberg-Teller term 22 is believed to be only important when the matrix elements vanish, i.e. for symmetry forbidden transitions 45 and is not considered in our work.
In order to simplify the dependence on the polarization vectors u L and u S , the so called Raman invariants 1 can be defined from the tensor elements of α = ∂α/∂Q v for the Placzek approximation. These are the mean polarizability
the anisotropy 1, 22 (this quantity is also denoted by β 3,37 or g 27 )
and the asymmetric anisotropy 1 (often assumed to vanish 3,37 as expected for non-resonant Raman 2 , and also denoted by d 27 )
from which the absolute Raman intensity 3,8,27,37
is obtained. This intensity is usually given in units ofÅ 4 /amu 3 . Similar Raman invariants can also be defined from the tensor element of the matrix element (4) instead of α . 1 The resulting intensity is similar to (21) and is called I in the following. It is usually given in (eÅ/eV) 2 as it does not abstract the matrix element
In the following, we will compare Placzek and Albrecht approximations using ab-intio calculations of small molecules. This will show the similarities and differences of the two approximations. We will find that the Albrecht and its semi-classical approximation Placzek largely agree for all excitation frequencies and that in particular the approximation of Profeta corresponds to Albrecht B/C and the missing terms Pl/Pr to Albrecht A. The interested reader is also refeed to Appendix A that elaborates on a clear connection between Placzek and Albrecht in the limit ω L → 0.
Methods
The electronic structure of the systems considered here is described by density functional theory (DFT) as implemented in the GPAW software suite 47, 48 
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Next we consider the water molecule. We first discuss the results in the limithω/E e → 0 where several other calculations and extensive experimental data (for smallhω L ) are available. The gas-phase water molecule has three independent vibrational modes that are all
Raman active. Table 2 shows the good agreement of our calculated absolute Raman intensities in this limit both with experiment as well as with other calculations. There are differences due to different density functionals applied, but all approaches are of roughly the same good accuracy as compared to experiment. Static and dynamic polarizabilities for the experimental wavelength of 514.5 nm (2.41 eV) lead to small differences 61 , only. While the very weak Raman intensity of v 2 does not change, the stronger v 1 and v 3 slightly increase. Table 3 lists the static (ω L → 0) absolute Raman contributions from the Albrecht terms. and E I as we have seen in fig. 4 for H 2 . In the following we calculate our spectra at 5.92 eV -5.53 eV = 0.39 eV lower excitation energies than in experiment in order to be at the same energetic distance from the main optical resonance.
Experimental and calculated spectra related in this way closely resemble each other as is shown in fig. 6 . The spectrum in the non-resonant region (at 4.79 eV in our calculation corresponding to 239.5 nm or 5.18 eV experimentally) has significant contribution from the Albrecht B and C terms and there is nearly no intensity above 2000 cm cannot be confirmed by us (further off-resonant spectra resemble the 4.79 eV spectrum in fig. 6 ). Interestingly, the Placzek approximation gives relative intensities in good agreement to Albrecht despite its much lower absolute intensity. 
Conclusions
We have shown in this contribution how the Placzek and Albrecht terms can be derived from the photon scattering matrix elements in the formulation by Kramers, Heisenberg and Dirac.
The widely used Placzek approximation is found to represent the semi-classical limit of the more exact Albrecht formulation. While the excitation energy-dependent peak structure is much simpler in the Placzek approximation, the overall behavior of the Raman intensities is remarkably similar to Albrecht also in resonance regions. The similarity breaks down for multiple excitations of vibrational modes appearing as soon as the photon energy approaches the resonance region. These are forbidden in the Placzek form, but are well described within the Albrecht approximation. A Connection between Placzek and Albrecht approximations for ω L → 0
We consider the limit of very small excitation energieshω L , where small means far from any electronic resonance in the system. This limit can formally be described by ω L → 0. However, this is a formal limit only, as scattering of zero frequency photons is meaningless. Both Placzek and Albrecht approximations should be valid in this limit and the approximations indeed coincide as we will show in the following.
The polarizability tensor (10) in this limit simplifies to
This tensor enters the Placzek approximation via its derivatives with respect to vibrational coordinates. Nonzero derivatives arise from two distinct sources: Either from the transition energy E vert,e or from the matrix elements m e L,S . Without loss of generality, we consider only a single electronic excited state and thus suppress the label e for brevity in the following.
The explicit derivative is then
where the prime denotes the derivative with respect to a nuclear coordinate.
In order to show the equivalence to the Albrecht approximation for ω L → 0, we will discuss the different terms appearing in (23) separately and show that these correspond to the different terms in the Albrecht approximation, i.e. we will show that in the limit of small
and
hold.
We first discuss the Albrecht B term, defined by eq. (16), which becomes in the limit of
Replacing the denominator E + kε by the vertical transition energy E vert and applying the completeness relation eq. (7) leads to
which is the half of the first term in eq. (25) . The other half is given by V C within the same approximation.
To prove (24) we consider real matrix elements
use ω S ≈ ω L , ω L → 0 and expand in /E up to first order, which leads to
The first term in brackets vanishes due to orthogonality of 0 0 |1 0 (after closure in k e ) and one can show that
where the dimensionless displacement
appears (c.f. Fig. 1 ). One can further show that
such that eq. (29) can be written
where E ≈ E vert entered. This finally proofs the approximate equality of Placzek and Albrecht approximations in the limit ω L → 0.
B Taylor expansion and displaced harmonic oscillator
Franck-Condon factors can be efficiently calculated within the double harmonic approximation. Deviations from this approximation, the Herzberg-Teller and Duschinsky effects are usually rather small 67 . This property can be understood by expanding the possible effects in a series in the displacement between ground and excited state equilibria ρ 0 and ρ e of some vibrational coordinate ρ. The ground state potential in the harmonic approximation is given
where µ is the effective mass and ω the corresponding frequency of the harmonic potential.
We may expand the excited state energy around ρ 0 in a Taylor series up to first order
Adding eqs. (34) and (35) immediately leads to the similar harmonic equation in the excited
where we have identified ρ e = ρ 0 − 
C Matrix element derivatives and the Berry phase
The evaluation of Albrecht B and C terms requires derivatives of transition dipoles with respect to nuclear coordinates. An evaluation of such derivatives in finite differences is not straightforward as it involves arbitrary phases that are present in eigenstates of parameter dependent Hamiltonians and are connected to the Berry phase 69, 70 . Similar problems are also present in the evaluation of hopping matrix elements 71 .
The nature of the problem and its solution can be exemplified in one dimension involving a single electronic positional coordinate x. An electron might be subject to a parameter dependent Hamiltonian H(R), where in R in our case is a nuclear coordinate. The aim is to calculate the derivative of an normalized eigenstate f i (x; R) of H(R) with respect to the R in a finite difference expression
In practical calculations the evaluation of eigenstates at different R are independent of each other 71 . Then every eigenstatef i (x; R + dR) = uf i (x; R + dR) with |u| 2 = 1 is a perfectly valid eigenstate of H(R + dR) and equally relevant as f i (x; R + dR) itself. The phase u can spoil the derivative iff is used instead of f in expression (37), however. To recover f i (x; R + dR) we have to apply
instead, where we correct for the arbitrary phase u. The value of this phase factor is reconstructed by using the orthogonality of f i and ∂f i /∂R 69 that is required for normalized states. It leads to u = dx f * (x; R)f (x; R + dR) .
We have to be slightly more careful in the case of energetically degenerate states, that are common in molecules. Here, not only a phase u may appear, but the states may also mix. More generally we are faced with
where the matrix u is unitary, but arbitrary otherwise. It might be sparse, but generally not diagonal. Similar to (39) the matrix elements of u can be reconstructed from
when terms containing dR are neglected, i.e. we assume that the matrix u does not change due to the small displacement. This leads to the generalized finite difference equation save from arbitrary phases dR ∂f (x; R) ∂R = u Hf (x; R + dR) − f (x; R) .
where f is the vector of eigenstates f i ,f is the vector of eigenstatesf j and the superscript H denotes the Hermitian conjugate.
Similar to the Eigenstates discussed so far, we want to obtain derivatives of transition dipole matrix elements m iα (R) = f i (x; R)|ô|f α (x; R) in a finite difference expression through dR ∂m iα (R) ∂R = m iα (R + dR) − m iα (R) ,
where i, α are the indices of occupied and empty orbitals, respectively. The transition dipoles are calculated in an independent calculation again and thus are mixed and contain arbitrary phases inherited from the orbitals. We may correct for this similar to eq. (42) and write dR ∂m iα (R) ∂R = u Hf (R + dR) i |ô| u Hf (R + dR) α − m iα (R) (44) or in vector form
with U iα,jβ = u * ij u αβ (46) andm iα (R + dR) = f i (x; R + dR)|ô|f α (x; R + dR) .
A new class of phases appears in linear response TDDFT where the eigenvalue equation 53,72
is solved at each position independently. The ω I denote transition energies and the eigenvectors F I may contain arbitrary phases and might be mixed. The matrix elements are then
with the single particle energies ε i,α . The F I at equilibrium position and theF J at a displaced position are given in the corresponding particle-hole basis that we may contract to single indices p = (iα), q = (j, β) to simplify the notation. We may define an overlap similar to eqs. (41) and (46)
where the U pq are needed to connected the two particle-hole bases. This matrix connects the different linear response transition matrix elements viaM = W M , wherē
Note, that the phases ofF andm are both arbitrary and independent of each other. Derivatives of linear response dipole matrix elements are finally obtained as
